It is shown that the strange quark mass undergoes a first order transition in a generalized 3 flavor Nambu-Jona-Lasinio (NJL) Lagrangian which displays the complete set of spin 0 interactions at leading and subleading (NLO) orders in 1 Nc counting; these include the recently derived NLO explicit chiral symmetry breaking interactions, being of the same order as the 't Hooft flavor determinant. The parameters of the model are tightly constrained by the low energy characteristics in both the pseudoscalar and scalar meson sectors. The transition occurs in a moderate chemical potential region µ 400 MeV, in addition to the usual chiral transition associated with the light quark sector. This extra transition, which has at its root the inclusion of the explicit chiral symmetry breaking interactions, acts as a catalyst in the production of strange quark matter as compared to the conventional version of the model that takes only the 't Hooft interaction in the NLO.
I. INTRODUCTION
In 1984 Witten [1] conjectures that stable and bound strange quark matter (SQM) may be formed under specific conditions (relevant early work in this idea can be found in [2] [3] [4] [5] ). The validation of this hypothesis still remains a challenge as the region of baryonic chemical potential where it is expected to occur is of difficult access in heavy ion experiments and on the lattice.
The possibility of windows for stable SQM has been the subject of a significant number of theoretical approaches. In [6] the properties of quark matter in beta equilibrium, with comparable densities of up, down and strange quarks, are studied using the Fermi gas model and the MIT Bag model [7, 8] with extensions to include surface tension and Coulomb effects.
The subject of quark pair formation at finite densities, see [9] for a review, was revived in more recent years with the understanding that at asymptotic high densities the ground state of cold matter is an electronless state necessarily composed of Cooper pairs built of quarks from all colours and flavors, the colour flavour locked (CFL) phase [10] [11] [12] . Away from this perturbative QCD regime a complex pattern of phases may occur, for reviews see [13] [14] [15] [16] [17] .
In [18] a model is constructed for the interface between the electron rich nuclear matter regime and the CFL phase. The windows in Bag model parameter space for SQM are shown to be much larger with the CFL pairing than without pairing [19] .
While bound properties of SQM can be very conveniently addressed within Bag model studies, the aspects of SQM formation can be naturally addressed starting * jmoreira@teor.fis.uc.pt † jorge.m.r.morais@gmail.com ‡ brigitte@teor.fis.uc.pt § alexguest@teor.fis.uc.pt ¶ alex@teor.fis.uc.pt from a detailed scenario of chiral symmetry (χ S ) breaking. The seminal papers of Nambu [20, 21] introduce a model for dynamical χ S breaking with the quark antiquark condensate as order parameter in the chiral limit. Physical masses for the related pseudoscalar Goldstones are obtained through explicit χ S breaking by QCD current quark mass terms. NJL based investigations of SQM require the three quark flavors version of the model. Therefore one must consider known extensions of the original NJL Lagrangian. They include the 1/N c suppressed next to leading order (NLO) terms with multi-quark interactions. If one is interested only in the U (1) A breaking effects the extension includes the six-quark 't Hooft interactions (NJLH) [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . A more detailed approach can also include an appropriate set of SU (3) L × SU (3) R symmetric eight-quark interactions (NJLH8) [37, 38] completing the number of vertices which are important in four dimensions for dynamical χ S breaking [39, 40] . If one wants also to include at this order the effects of explicit χ S symmetry breaking one should take advantage of the model presented in [41] , [42] , the NJLH8m model, where m indicates that the NLO terms in current quark masses are taken into account in the effective multi-quark Lagrangian.
Note that the role played by the current quark masses on phase transitions in hot and dense hadronic matter is presently a subject of intense study, as they are known to change the order of the transition or transform it into a smooth crossover [13] .
In this work we address for the first time the problem of the formation of a SQM phase using a detailed picture of the χ S breaking assembled in the NJLH8m Lagrangian. We introduce the thermodynamic potential at finite temperature, T , and baryonic chemical potential, µ, in Section II and study the chiral T − µ phase diagram in Subsection III A. The parameters of the model have been previously fixed at T = µ = 0 in such a way that the NJLH8m Lagrangian accurately describes the low-lying spectrum of the pseudoscalar and scalar mesons [41] . They additionally provide a good dearXiv:1409.0336v2 [hep-ph] 23 Oct 2014 scription of the radiative two photon decays of the pseudoscalars and of the strong two body decays of the scalars [42] . As we will see, this apparently quite natural extension (NJLH8→NJLH8m) has surprising consequences. In Subsection III B we address the case study for cold dense matter in β-equilibrium. The conclusions and further discussion of the obtained results are presented in Section IV.
notation refers to the subtraction of the same quantity evaluated for M = 0, which is done so as to set the zero of the potential to a uniform gas of massless quarks (it amounts to a subtraction of a constant). The C(T, µ) term is needed for thermodynamic consistency [47] The stationary phase contribution coming from the integration over the auxiliary bosonic fields, V st , was evaluated using standard techniques [48] and is given by:
where h i (i = u, d, s) are twice the quark condensates and m i the current masses (a summation over the (i, j) flavor indices in V st is implicit). The stationary phase conditions which relate the dynamical masses to the condensates,
are solved self-consistently with the gap equations which correspond to the minimization of the thermodynamic potential (implicit summation over (i, j)).
There are 4 + 10 = 14 low-energy constants at leading and NLO of the effective 1/N c expansion. Let us note that the increase in the number of coupling constants is a common feature of any effective theory approach. The model parameters are fully controlled on the theoretical side by symmetry arguments, completing the number of vertices which contribute at the NLO in 1/N c (the same order as the 't Hooft determinant), and on the experimental side by the characteristics of the low lying pseudoscalars and scalars at T=0. The number of observables described until now by far surpasses the number of parameters [42] . The multiquark interaction couplings which only break χ S spontaneously are G, κ, g 1 , g 2 and refer to the four quark (q), the 't Hooft 6q and two 8q strengths respectively. Of these κ, g 1 are OZI-violating. In the explicit χ S -broken sector, the parameters κ 1 , κ 2 , g 4 , g 7 , g 8 , g 10 are OZI-violating, whereas g 3 , g 5 , g 6 , g 9 are not. The parameters κ 1 , g 9 , g 10 are related to the Kaplan-Manohar ambiguity [49] of this model and are set to zero without loss of generality.
III. RESULTS AND DISCUSSION

A. T − µ phase diagram
Fitting the model parameters to properties of the low lying scalars and pseudoscalars (as seen in Table I ) the most remarkable feature of the µ − T phase diagram, when compared to NJLH and NJLH8 ( [46, 47, 50] ), is the appearance of a second 1st order transition line 1 as seen in Fig.1 . A realistic fit to the spectra appears to imply this feature as it also occurs when using the parameter sets previously reported in [42] (see Table II ). The appearance of this additional line is somewhat surprising as usually an increase in finite current mass terms has the effect of smoothing out the transition behaviour.
We trace back the existence of two critical lines mainly to the ordering m K < m a0 ≈ m f0 in the low lying scalar meson spectrum 2 . It has been shown analytically that the parameter g 3 plays a pivotal role in the assignment leading to the empirical masses of these mesons [41, 42] . The coupling g 3 is associated to a non OZIviolating term which counterbalances the flavour mixing 't Hooft interaction: we note, for instance, that by fitting the meson mass spectrum and weak decay constants to the values shown in Table I , but relaxing the constraint for m K , a second critical endpoint (CEP) is still present for m K 953 MeV (obtained by fixing g 3 = −1600), but an increase to values closer to m a0 = 980 MeV such as m K 972 MeV (g 3 = −800 MeV) leads to its disappearance as the additional first order transition changes into a crossover.
As the light and strange sectors are coupled by the OZI-violating interactions, all the quark masses are affected simultaneously by the two transitions (henceforth we will use the subscript I/II when referring to the one occurring at lower/higher µ). Nevertheless a correspondence can be made between the transitions I/II and light/strange quarks as the chemical potential at which they occur at T = 0 is relatively close to M l (0) and M s (µ For intermediate densities the system can be described by a mixture with a volume fraction, 0 < α < 1, occupied by the higher density phase. For densities in the range ρ 1 In the NJLH model, two critical lines occur only for unphysically small values of κ and mu = ms [13] otherwise a crossover behaviour for the 2nd transition prevails. 2 In contradiction with this empirical observation the calculated scalar spectrum in the absence of the explicit χ S -breaking interactions usually displays the ordering ma 0 < m K < m f 0 [34, 38] .
B. β-equilibrium case study
To have a better understanding of the consequences of these two critical lines on the formation of SQM we now focus on charge neutral quark matter at T = 0 subject to β-equilibrium, a case study of relevance for compact stars. Including charge neutrality this results in the conditions:
where the average quark chemical potential is given by µ = 1 3 i µ i , µ e is the electron chemical potential and ρ i denotes number densities (which depend on the chemical potentials). The neutrino chemical potential is discarded as they are considered to escape the system. Muons need not be considered since the electron chemical potential remains below the muon mass in the present study. At T = 0 the total energy density of the system is = Ω + f µ f ρ f (where f = u, d, s, e).
As can be seen in Fig. 3(a) for chemical potential values lower than the dynamical masses the densities are trivially zero but as one increases µ the process of chiral restoration is initiated. After the lowest 1st order transition (µ I = 0.325 MeV) the Fermi sea gets populated by a finite density of up and down quarks, in chemical equilibrium with the electrons, while the density of strange quarks remains null until the highest 1st order transition (µ II = 0.409 MeV). For higher chemical potential the quark densities become comparable (a necessary condition to obtain SQM) while the electron density vanishes.
If we restrict ourselves to the consideration of pure phases these 1st order chiral transitions will give rise to jumps in the densities as a function of µ: ρ
The consideration of a mixed phase can however lower the total thermodynamic potential. This happens in the intervals of density: 0 < ρ/ρ 0 < 1.629 and 2.998 < ρ/ρ 0 < 5.476 (note that these intervals contain the ones corresponding to the jumps when considering pure phases). The main difference is that, with the inclusion of β-equilibrium, the chemical potential and pressure are no longer constant throughout the mixed phase [51] and the discontinuity of ρ(µ) disappears. One should note, nonetheless, that for each total density (or volume fraction) the pressure and chemical potentials of both phases must be equal for the system to be in mechanical and chemical equilibrium. Global charge neutrality is assured by imposing (note that ρ e is constant throughout the vol- ume):
This type of mixed phase construction where we consider two phases in chemical and mechanical equilibrium with global charge conservation (in this case charge neutrality) is a Gibbs construction. An alternative approach is to consider a Maxwell construction involving fractions of the volume occupied with the same electrically neutral phases that we obtain when considering only pure phases (with the same pressure and baryonic chemical potential but different individual electron and quarks chemical potentials).
A detailed treatment of a mixed-phase system involves the consideration of energy contributions coming from the interface between coexisting phases as well as electrostatic contributions. These however fall outside of the scope of the present study (for a more detailed discussion see for instance [52] and references therein). In a Gibbs construction the interface is considered completely transparent to the interchange of particles (only global charge neutrality is imposed) whereas in the Maxwell construction an interface between phases with different chemical potentials for the individual species must be considered (charge neutrality is imposed locally).
As in the present work we include no description of the interface between phases nor the electrostatic contribution, the Gibbs construction is energetically favourable, nevertheless for completeness we include both approaches in our study. In the mixed phase corresponding to transition I we see that in the limit of vanishing α the densities of up and down quarks are very close as one would expect from the β-equilibrium condition. The difference µ d − µ u = µ e must go to the electron mass for the electron density to become increasingly small (see Eq. 6): for small α the charge imbalance from a small portion of quark matter is being compensated by a large volume of electron gas (in the low density phase we have ρ − I i = 0 for i = u, d, s). As α approaches unity the density of down quarks almost doubles that of up quarks and we enter the regime seen in the intermediate interval of Fig. 3(a) .
During the mixed phase associated with transition II we see that the density of down quarks remains almost constant and approximately equal in both phases. The appearance of strangeness, only present in the denser phase, is compensated mainly by an increase in the density of up quarks which is also approximately equal in both phases. For µ < 417 MeV the denser phase becomes richer in strange quarks than in up quarks. Note that if we consider the total number density of species (taking into account both the high and low density phases) the ordering is always ρ d > ρ u > ρ s . Table I displaying the two transition lines (first order/crossover corresponds to the thick/thin lines) associated with the light and strange quarks (outer refers to the strange) in 1(a). Dynamical mass profiles as a function of temperature at the two chemical potentials indicated in 1(a) by the vertical lines: µ = 0.300 GeV in Fig. 1(b) and µ = 0.400 GeV in Fig. 1(c) . The upper two lines are for Ms, the lower ones for M l ; thick lines represent physical solutions, thin and dashed lines show relative minima and maxima of the thermodynamic potential, respectively; first-order transitions are represented as dashed lines connecting two circles. In these figures, µu = µ d = µs = µ. For the light quarks a much larger jump occurs at the lowest µ transition whereas for the strange quarks the situation is reversed. Thin lines correspond to the mass at the crossover and the thick lines to the masses in the first order transition (parameter set from Table I with µu = µ d = µs = µ).The corresponding temperatures can be extracted from Fig.  1(a) .
In Figs. 4(a) the energy per baryon
E A as function of density is displayed. In the first transition mixed phase, as α goes to zero the energy per baryon changes from the β-equilibrium minimum value (when only considering pure phases the minimum is E/A = 975 MeV) to a value close to that without β-equilibrium (E/A = 959 MeV) as one expects from the fact that the densities of up and down quarks become very close (see discussion above). The second mixed phase connects smoothly the points: {ρ, E/A} = {2.998ρ 0 , 1.027 GeV} and {ρ, E/A} = {5.476ρ 0 , 1.119 GeV}
At densities close to ρ 0 we have at most a metastable solution (at 1.051 ρ 0 and 1.017 ρ 0 , with and without β-equilibrium, respectively). This inability of the model to describe bound nuclear matter at the nuclear saturation density is a well known property for the NJL model [53] and can be related to the lack of confinement.
We call however attention to the fact that the onset of stable solutions, after the chiral transition of light quarks, occurs at densities closer to the nuclear density as compared to the values reported in [53] , ρ = 2.8ρ 0 in the chiral limit and ρ = 2.25ρ 0 (with m u = m d = 5.5 MeV, m s = 140.7 MeV of [54] ). Also at this point E/A 975 MeV, closer to the value of nuclear stability of iron, 930 MeV as compared to the corresponding value in [54] , E/A 1100 MeV.
A similar situation occurs at the 1st order transition leading to the onset of SQM solutions at values of E/A much closer to nuclear matter stability energies as compared to the values obtained for the NJLH model in [53] , where the smooth crossover of M s leads to values too large to support SQM. By extending the NJLH to in- Figure 4 . In Fig. 4 (a) the energy per baryon number, E/A = /ρ, as a function of baryon number density. Below the first order transition occurring at lower chemical potential there are two small regions of local minima solutions for 0 < ρ/ρ0 < 0.040 and 1.051 < ρ/ρ0 < 1.628 (thin full lines), the first of which is barely visible in the plot, connected by a zone of unstable solutions. The dot-dashed lines refer to the mixed phase constructions, a zoom of which can be seen in Fig. 4(b) . The thicker dot-dashed line refers to the Gibbs construction whereas the thinner refers to the Maxwell construction (which only exists in the grey areas). In the interval where they are both defined these constructions lead to lines which almost coincide (apart from the small density limit ρ 0.5ρ0).The state equation (pressure as a function of energy density) is shown in Fig. 4(c) . The grey areas correspond to the jumps in density when we restrict the system to pure phases. The line notation (thin, thick and dashed) is the same as in previous figures.
clude diquarks, a 1st order transition in M s also occurs [13] , in connection to the 2SC/CFL transition. For the latter case the E/A values have about the same magnitude in the region ρ > 6ρ 0 as the ones obtained in the present study.
Despite the fact that certain pertinent aspects of compact stars, such as the effects of strong magnetic fields and rotational effects, have not been taken into account in the present study, one can use the obtained equation of state, EoS (pressure as function of the energy density, p( ), see Fig. 4(c) ), in the integration of the Tolman-Oppenheimer-Volkoff equations [55, 56] to obtain the mass and radius of a neutron star as a function of its central energy density (or pressure). The obtained maximum star mass falls short of the recently observed values of about two solar masses [57, 58] but that should not be surprising due to these simplifications (furthermore the presence of more than one first order transition tends to soften the equation of state thus lowering the maximum mass). For this simplified scenario we obtain for the maximal star the following characteristics: a mass and radius of M max = 1.521 M , R max = 10.261 km (the values reported in the literature using the NJLH derived EoS range from 1 [59] to 1.45 solar masses in [60] ) with a central pressure of p central = 0.128 GeV fm −3 (which corresponds to a baryonic density ρ central = 5.144 ρ 0 ). This central pressure leads to a core in the mixed phase with a SQM volume ocupation fraction of α = 0.867. The mixed phase core has a radius and mass of: R core = 4.029 km M core = 0.166 M (of which about one third are in the SQM phase, M SQM = 0.055 M ).
As was previously mentioned the way the interface between phases in the mixed regime is considered is radically different in the Gibbs and Maxwell constructions. In the latter pressure is constant throughout the mixed phase regime and therefore that part of the EoS does not enter the integration of the TOV equation (a layer in the mixed phase would be squashed to vanishing thickness as no pressure gradient is present). Using the Maxwell construction the largest compact star is the one with a central pressure corresponding to transition II (R max = 10.412 km and M max = 1.544 M ) and as such no stable stars with a SQM core exist in this case.
Regarding the steepness of the EoS, a possible extension of the model, in line with the tower of relevant multiquark interactions at NLO in N c counting, consists in the inclusion of the set of spin 1 interactions. It is known that four quark vector interactions stiffen the equation of state, however its onset is delayed, making hybrid stars with a quark core unstable; it was shown in a recent analysis of the SU(2) NJL model with four and eight quark spin 0 and spin 1 interactions that the higher order interactions allow to control stiffness without delaying the onset [61] . The SU (3) extension would provide information on the possibility of achieving the necessary stiffness with this model, while still allowing for SQM at the core of largest mass stars.
IV. CONCLUSIONS
We conclude highlighting two main results: By including all non-derivative terms relevant at the scale of chiral symmetry breaking (NJLH8m) which are of the same order in N c counting as the 't Hooft flavour determinant considered in the 3 flavour extension of the NJL model (NJLH), and using sets of parameters which describe the meson spectra of low-lying pseudoscalar and scalar meson nonets and the weak decay constants to great accuracy, we have obtained the chiral T − µ phase diagram of the model, which displays two critical lines and respectively two CEP. The second critical line is associated with the strange quark mass which undergoes a first order transition, in which it changes abruptly to values close to its current quark mass in a moderate chemical potential region, µ 410 MeV at T = 0, with strong consequences for SQM.
When compared to previous studies based in the NJLH model the density at which SQM emerges using NJLH8m is lowered to: ρ 4.0ρ 0 in the case of equal quark chemical potentials, ρ 3.3ρ 0 in the case of pure phases in β-equilibrium and ρ 3.0ρ 0 if we consider a Gibbs constructed mixed phase in β-equilibrium.
The energy per particle ratio of SQM is much lower than in the NJLH; values of similar magnitude as the ones obtained in NJLH8m are only reached if the NJLH model is enhanced with diquark interactions, as a consequence of a first order transition from the 2SC to the CFL phase.
Our study can be refined to include the diquark interactions, although they cannot affect our central result, i.e. the model's ability to describe SQM. Diquarks will increase the number of critical points, opening the door for new phases in the region of relatively cold and dense quark matter. One may hope that the combined effect of explicit symmetry breaking interactions and diquarks enhances further the SQM formation, a subject certainly worth studying, but beyond the scope of the present work.
The second main result is that the region for the minimum of quark matter stability (ρ 1.7ρ 0 , E/A = 958 MeV for the case with equal quark chemical potentials, ρ 1.6ρ 0 , E/A = 975 MeV for the case of pure phases in β-equilibrium and ρ 1.7ρ 0 , E/A = 959 MeV for the denser phase in a Gibbs constructed mixed phase in β-equilibrium) gets pushed much closer to the point of nuclear matter stability in comparison with other related model calculations.
